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Abstract
For accretion onto astrophysical black holes, we demonstrate that linear perturbation of Bernoulli’s constant
defined for an inviscid irrotational adiabatic flow of perfect ideal fluid gives rise to phenomena of analogue
gravity. The formulation of our work is done in the Newtonian framework and also within the General
relativistic framework, i.e., considering a static spacetime background, as well. The resulting structure of
the analogue acoustic metric is similar to the acoustic metric found in perturbing velocity potential and mass
accretion rate.
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1. Introduction
Except for the supersonic stellar wind fed accretion (Lamers and Cassinelli (1999); Frank et al. (1985);
Kato et al. (2008)), accretion flows onto astrophysical black holes are necessarily supersonic (Liang and Thompson
(1980)). For low angular momentum accretion with practically constant specific angular momentum, more
than one sonic points may form in such flow and a stationary shock may join two such transonic solu-
tions passing through two such sonic points (Liang and Thompson (1980); Abramowicz and Zurek (1981);
Muchotrzeb and Paczynski (1982); Muchotrzeb (1983); Fukue (1983, 1987); Lu (1985, 1986); Muchotrzeb and B.
(1986); Abramowicz and Kato (1989); Abramowicz and Chakrabarti (1990); Chakrabarti (1996); Kafatos and Yang
(1994); Yang and Kafatos (1995); Pariev (1996); Peitz and Appl (1997); Caditz and Tsuruta (1998); Das
(2002); Das et al. (2003); Barai et al. (2004); Fukue (2004,?); Abraham et al. (2006); Das et al. (2007);
Das and Czerny (2012)). The formation of such shocks can be explained through time dependent nu-
merical simulation works (Okuda et al. (2004, 2007); Sukova´ and Janiuk (2015b,a); Sukova´ et al. (2017)).
Such post shock flow can manifest its properties through the characteristic black hole spectra and can
help to understand the observational signature of the astrophysical black holes in the universe (Das et al.
(2015); Mocibrodzka et al. (2006) and references therein). Such shocked multi-transonic flows are essentially
barotropic, inviscid, irrotational transonic fluid flow under the influence of the strong gravitational field in
presence of gravitational (black hole) event horizon.
It is, however, to be noted that the characteristic black hole spectra for transonic accretion are usually
computed for steady state flow, considering that such steady state is stationary. Time variability and various
kind of fluctuations are, however, not very uncommon in large scale astrophysical flows. It is thus imperative
to ensure that the steady state integral transonic accretion solutions are stable under perturbation.
In recent years, much attention have been paid to study the analogue gravity phenomena in classical (non
quantum), where for a supersonic irrotational inviscid flow governed by a barotropic equation of state, the
propagation of the linear acoustic perturbation (sound wave) within that fluid can be described by acoustic
metric and a sonic spacetime can be formed embedded within such stationary background fluid flow (Unruh
(1981); Visser (1998); Barcelo et al. (2005); Novello et al. (2002)). Such sonic geometry contains an acoustic
horizon from where Hawking like radiation may be produced.
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Study of such sonic geometries embedded within the transonic accretion flow can thus be very important
to investigate certain novel features of such phenomena. Accreting black holes is the only system found in
the universe where both type of horizons, gravitational as well as acoustic, can be formed, and the same
fluid can pass through both type of horizons as well. Hence theoretically if one would like to compare the
properties of these two types of horizons, accreting black holes may be considered as the best candidate to
study the sonic geometry embedded within it. Also, in usual analogue models, the gravitational field does
not play any role while formulating the corresponding sonic geometry. For accretion onto astrophysical black
holes (for accretion onto any compact massive astrophysical objects in general), the gravity determines the
dynamics of the fluid and hence the associated acoustic spacetime itself is influenced by the gravitational
field.
For purely classical analogue systems, the detailed analysis of the quantum Hawking like effects may not
always be possible to study, however, the study of the acoustic surface gravity can have deep significance in
such systems. The acoustic surface gravity itself is a rather crucial entity to understand the flow structure
as well as the associated sonic metric, and can thus be studied independently without looking into the
existence of any analogue radiation (of phonons) like thermal phenomena characterized by their very feeble
temperature too impractical to detect through any present day experimental set up. In recent years, the
role of the analogue surface gravity in studying the non negligible effects associated with the emergence
of the stimulated Hawking effects has been highlighted by examining such effects through the modified
dispersion relations. Such study have been performed from the purely analytical point of view as well
as within the experimental set up (Rousseaux et al. (2008, 2010); Jannes et al. (2011); Weinfurtner et al.
(2011); Leonhardt and Robertson (2012); Robertson (2012))
The deviation of the Hawking like effects within a dispersive media, i.e., within the fluid under consid-
eration, from the universal behaviour of the original Hawking effect, depends sensitively on the gradient of
the background bulk stationary velocity, as it has recently been suggested. It is, however, important to note
that such theory of the non universal feature of the Hawking radiation has been postulated essentially for
the isothermal flow and hence the space gradient for the sound velocity has not been taken into account.
Also, the exact numerical values corresponding to the velocity gradient has not been possible to found yet
and has been approximated by making certain assumptions.
For stationary integral accretion solutions as discussed in aforementioned paragraphs, the values of the
space gradient of both the dynamical flow velocity as well as the speed of propagation of the acoustic
perturbation have been computed very accurately using numerical schemes. Hence it is obvious that if the
accreting black hole system can be studied as a classical analogue system, the non universal features of the
Hawking like effects can further be modified including certain novel features.
It is thus obvious that the accreting black hole systems, although may not provide any direct signature
of the Hawking like temperature (analogue temperature arising out from the phonon radiation) can still be
considered as a very important as well as a unique theoretical construct to study the analogue gravity effects.
The study of the stability properties of the background integral accretion solutions can lead to the
emergence of the analogue phenomena which we shall demonstrate in the present work. We shall linear
perturb various accretion related physical variables and will show that such perturbation does not grow
indefinitely and hence the steady state accretion flow is actually stable under linear perturbation. We shall
not perform any non linear stability analysis in the present work. We shall also show that such perturbation
analysis leads to the formation of the acoustic metric embedded within the fluid flow.
In this connection, it is to be mentioned that one can make attempt to study the analogue phenomena for
the primordial micro black holes as well for which the analogue as well as the original Hawking temperature
will be significantly large and will perhaps be a measurable quantity. It is, however, to be noted that the kind
of analogue system we are interested in, can be emerged automatically in presence of accretion only. The
theory of accretion flows onto primordial black hole are not a very well understood phenomenon as of now.
To study the analogue effects for such black hole systems, one first has to formulate a self consistent theory of
accretion processes around micro black holes, which, in our opinion, is a rather involved task to accomplish,
and is obviously beyond the scope of the present work. Hence in the present work, we concentrate on large
astrophysical black holes to study the analogue effects.
Mass accretion rate is a quantity having a reasonable physical significance in accretion phenomena. Linear
perturbation of mass accretion rate in sub-Keplerian disk accretion in non relativistic framework also behaves
like a massless scalar field in curved space-time(Nag et al. (2012)), i.e., analogue gravity also emerges when
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accretion rate is perturbed.
Several works have been done in general relativistic framework as well. Linear perturbation of velocity
potential in curved space-time background shows analogue gravity effect(Bilic (1999)). Similarly, linear
perturbation of mass accretion rate in accretion of perfection fluid in curved space-time background also
shows same effect(Ananda et al. (2015); Bollimpalli et al. (2017); Bilic (1999)).
In this work, we’ve shown that linear perturbation of another quantity, the Bernoulli’s constant which
is the integral solution of the corresponding Euler equation, also produces similar acoustic geometry. The
whole work is being done in the non-relativistic framework and relativistic framework as well. Accretion
phenomena of adiabatic flow are chosen to illustrate the fact. Radial accretion having spherical symmetry
as well as disk accretion having axial symmetry are considered.
The linear perturbation technique also has astrophysical significance. We get a wave equation of the linear
perturbation of Bernoulli’s constant which is similar to the massless scalar field Klein-Gordon equation in
curved space-time geometry. The nature of the solution of this wave equation tells us whether the existing
steady state solutions like steady state solution for Bondi accretion, are stable or not under such perturbation
in the medium. We have done stability analysis for that and we have concluded that not only the integrals
of motion play a crucial role to determine the dynamics of the accretion flow in steady state but also their
linear perturbations govern the behaviour of all the dynamical and thermodynamic quantities in the time
dependent problem within the perturbative framework.
In our work, the correspondence between a classical (non-quantum) analogue model and the accre-
tion processes onto astrophysical black holes has been established through the process of linear stability
analysis of stationary integral transonic accretion solutions corresponding to the steady state flow only.
That means, only such accreting black hole systems have been considered which are in steady state. The
body of literature in accretion astrophysics, however, is huge and diverse. There are several steady state
flow models which may not be multi-transonic, and there are several excellent works which deal with non
steady hydrodynamic accretion (which may not contain multiple sonic points or shocks) which may in-
clude various kind of time variabilities and instabilities, using complete time-dependent numerical simula-
tion (Hawley et al. (1984a,b); Kheyfets et al. (1990); Hawley (1991); Yokosawa (1995); Igumenshchev et al.
(1996); Igumenshchev and Beloborodov (1997); Nobuta and Hanawa (1999); Molteni et al. (1999); Stone et al.
(1999); Caunt and Korpi (2001); De Villiers and Hawley (2002); Proga and Begelman (2003); Gerardi et al.
(2005); Moscibrodzka and Proga (2008); Nagakura and Yamada (2008, 2009); Janiuk et al. (2009); Bambi and Yoshida
(2010b,a); Barai et al. (2011, 2012); Sukova´ and Janiuk (2015a); Zhu et al. (2015); Narayan et al. (2016);
Mos´cibrodzka et al. (2016); Sukova´ et al. (2017); Sa¸dowski et al. (2017); Mach et al. (2018); Karkowski et al.
(2018); Inayoshi et al. (2018); Fragile et al. (2018)). We, however, did not concentrate on such approach. In
the present paper, our main motivation was to explore how the analogue gravity phenomena can be addressed
through the linear stability analysis of steady-state solutions of hydrodynamic accretion.
2. Acoustic gravity in non-relativistic framework
In non-relativistic frame work, fluid velocity is much less than light speed. The momentum conserva-
tion equations and mass conservation equation for fluid is taken(Clarke and Carswell (2007)) according to
Newton’s laws of dynamics. The continuity equation of fluid is given by
∂ρ
∂t
+ ~∇.(ρ~v) = 0 (1)
where ρ,~v are fluid density and velocity respectively. Euler momentum equation for inviscid flow in an
external field in general is given by
∂~v
∂t
+ ~v.~∇~v = −∇ψ −
~∇p
ρ
(2)
where the potential function of the external conservative field is ψ and pressure at any point of the fluid is
p.
The flow is taken to be irrotational.
~∇× ~v = 0 (3)
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Using irrotationality condition one can write Euler equation as
∂~v
∂t
+ ~∇(1
2
~v2 +
∫
dp
ρ
+ ψ) = 0 (4)
Bernoulli’s constant, ζ is given by
ζ =
1
2
~v2 +
∫
dp
ρ
+ ψ (5)
For steady irrotational flow it’s a constant along the streamline. Adiabatic sound speed is given by
c2s =
dp
dρ
=
γp
ρ
(6)
where γ is the specific ratio of the ideal gas. We assume there is a stationary solution in general for the
above equations, and we introduce linear perturbations in the fluid discussed in the next section.
2.1. General procedure to obtain the acoustic metric
Linear perturbation of fluid velocity and fluid pressure is introduced as
~v(~x, t) = ~v0(~x) + ~v′(~x, t)
ρ(~x, t) = ρ0(~x) + ρ
′(~x, t)
where ρ0(~x), ~v0(~x) are the stationary solution of fluid density and velocity field and ~v′(~x, t), ρ′(~x, t) are the
introduced linear perturbation terms in the velocity and the density of the fluid.
As a result, the linear perturbation term in Bernoulli’s constant is given by
ζ′ = ~v0.~v′ +
c2s0
ρ0
ρ′ (7)
cs0 is the stationary unperturbed sound speed. Continuity equation in terms of linear perturbation is given
by
∂ρ′
∂t
+ ~∇.(ρ′ ~v0 + ρ0~v′) = 0 (8)
Momentum equation in terms of linear perturbation is given by
∂~v′
∂t
+ ~∇(ζ′) = 0 (9)
We have used equation (7) to find the above equation. Using equation (7) and equation (9) and taking
another partial time derivative in equation (8) we get
∂µ(f
µν(~x)∂ν)ζ
′(~x, t) = 0 (10)
where fµν(~x) in Cartesian coordinate is given by
fµν(~x) =
ρ0
c2s0


−1 ... −vj0
· · · · · · · · · · · ·
−vj0
... c2s0δ
ij − vi0vj0

 (11)
where i, j run over 1, 2, 3 representing three spatial dimensions. This fµν is exactly the same as fµν obtained
when velocity potential is perturbed(Visser (1998))
Massless scaler field equation in a spacetime background is given by
ϕ =
1√−g (∂µ
√−ggµν∂ν)ϕ = 0 (12)
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where ϕ is the scalar field, gµν is the background metric and g is the determinant of the metric. Comparing
equation (12) and equation (10)
fµν =
√−ggµν (13)
Immediately one can get
det(fµν) = (
√−g)4g−1 = g = − ρ
4
0
c2s0
(14)
So gµν is given by
gµν(~x) =
1
ρ0cs0


−1 ... −vj0
· · · · · · · · · · · ·
−vj0
... c2s0δ
ij − vi0vj0

 (15)
The acoustic metric is
gµν(~x) =
ρ0
cs0


−(c2s0 − v20)
... −vj0
· · · · · · · · · · · ·
−vj0
... δij

 (16)
Acoustic metric interval can be expressed as
ds2 =
ρ0
cs0
[−(c2s0 − v20)dt2 − 2dt ~v0.d~x+ d~x2] (17)
The same kind of analysis can be done for isothermal flow as well and the metric will be same except that
the definition of sound speed will be different there, in the acoustic metric, sound speed will be appearing
as a constant rather than a function of position vector.
The metric appearing in equation (16) has 3+1 dimension. It reduces to 1+1 dimension when symmetries
in the flow is considered. The next section deals with some astrophysical accretion phenomenon having
different kind of symmetries.
2.2. Spherically symmetric radial flow
Bondi accretion(Bondi (1952)) is spherically symmetric and radial. The continuity equation is given by
∂ρ
∂t
+
1
r2
∂
∂r
(ρvr2) = 0 (18)
Euler momentum equation is given by
∂v
∂t
+ v
∂v
∂r
= −GM
r2
− 1
ρ
∂p
∂r
(19)
where M is the mass of the star and G is gravitational constant. Bernoulli’s constant is given by
ζ =
1
2
v2 +
∫
dp
ρ
− GM
r
(20)
Introducing linear perturbation in adiabatic flow
v(r, t) = v0(r) + v(r, t)
′
ρ(r, t) = ρ0(r) + ρ(r, t)
′
5
Perturbation in Bernoulli’s constant is given by
ζ′ = v0v
′ +
c2s0
ρ0
ρ′ (21)
Now in the same way discussed earlier we find that the linear perturbation of Bernoulli’s constant obeys
massless scalar field equation in acoustic analogue of spacetime background.
∂µ(f
µν(r)∂ν)ζ
′(r, t) = 0 (22)
where
fµν(r) =
ρ0r
2
c2s0
[−1 − v0
−v0 c2s0 − v20
]
(23)
fµν is taken as effective metric(Nag et al. (2012)). Hence 2×2 effective acoustic metric is given by
geffµν (r) =
1
ρ0r2
[−(c2s0 − v20) − v0
−v0 1
]
(24)
Observation of the acoustic metric shows that acoustic horizon is produced.
Similarly, the same analysis can be done for isothermal flow as well.
2.3. Axially symmetric sub-Keplarian disk geometries
Low angular momentum axisymmetric blackhole accretion(Chakrabarti and Das (2001); Paczynski and Muchotrzeb
(1982)) is a good candidate where analogue gravity emerges too(Nag et al. (2012)). We don’t need to con-
sider viscosity in such weakly rotating sub-Keplarian flows due to low angular momentum of the infalling
fluid. There are mainly three disk models for sub-Keplarian disk by categorising them with respect to disk
height or thickness H . H is taken to be constant in the simplest possible model, i.e., in uniform thick-
ness disk model. In conical model(Chakrabarti and Das (2001)) the disk thickness H is proportional to
cylindrical radial distance from the accretor. In the most physical disk model, i.e., in Vertical equilibrium
model(Paczynski and Muchotrzeb (1982); Chaudhury et al. (2006)), the disk height H(r) is a function of
cylindrical radial distance r from the accretor such that there is no flow along z direction considering the
equatorial plane of the disk to be on the X−Y plane. In this type of models, due to symmetry, the problem
becomes effectively 1+1 dimensional. In the next section we consider the non-trivial disk model, i.e., vertical
equilibrium disk model.
2.4. Vertical equilibrium disk accretion
Continuity equation in cylindrical polar coordinate in disk accretion having axial symmetry and having
no net flow in z direction is given by
∂ρ¯(r, z)
∂t
+
1
r
∂
∂r
(ρ¯(r, z)v¯(r, z)r) = 0 (25)
where ρ¯(r, z) and v¯(r, z) are the fluid density and radial velocity at a cylindrical radial distance r and at
height z from the equatorial plane of the disk. Now averaging in z direction over disk height H
∂ρ(r)
∂t
+
1
rH(r)
∂
∂r
(ρ(r)v(r)rH(r)) = 0 (26)
where ρ(r) and ρ(r)v(r) are the averaged fluid density and momentum respectively. The problem is now
reduced in 1+1 dimension. Euler momentum equation is given by
∂v
∂t
+ v
∂v
∂r
= −ψ′(r)− 1
ρ
∂p
∂r
+
λ2
r3
(27)
6
where ψ′(r) is the external field term and in this case it is gravitational force per unit mass of fluid exerted
by the accretor. λ is the angular momentum of the fluid having small value. Bernoulli’s constant is given by
ζ =
1
2
v2 +
∫
dp
ρ
+ ψ(r) +
λ2
2r2
(28)
Considering thin disk in vertical equilibrium and adiabatic flow, balancing pressure gradient force term
and gravitational force term along z direction, vertical equilibrium condition is given(Nag et al. (2012);
Chaudhury et al. (2006))
H(r) = cs(r)
√
r
γψ′
(29)
As a consequence, continuity equation is given by
∂t(ρ
γ+1
2 ) +
√
ψ′
r
3
2
∂r
(
ρ
γ+1
2 vr
3
2√
ψ′
)
(30)
γ is specific heat ratio. Introducing linear perturbation in the adiabatic flow, perturbation of Bernoulli’s
constant is given by
ζ′(r, t) = v0v
′ +
c2s0σ
ρ
(γ+1)
2
0
δ(ρ
(γ+1)
2 ) (31)
where σ = 2
γ+1 and δ(ρ
(γ+1)
2 ) is linear perturbation in ρ
(γ+1)
2 .
Linear perturbation of Bernoulli’s constant obeys massless scalar wave equation
∂µ(f
µν(r)∂ν)ζ
′(r, t) = 0 (32)
where
fµν(r) =
ρ
(γ+1)
2
0 r
3
2
c2s0σ
√
ψ′
[−1 − v0
−v0 σc2s0 − v20
]
(33)
fµν is taken as effective metric. Hence 2×2 effective acoustic metric is given by
geffµν (r) =
√
ψ′
ρ
(γ+1)
2
0 r
3
2
[−(σc2s0 − v20) − v0
−v0 1
]
(34)
For isothermal flow one similarly gets acoustic metric like equation (34) where γ is 1 and sound speed is a
constant number.
2.5. Constant height disk accretion
In case of constant thickness model, H is a constant. The linear perturbation of Bernoulli’s constant is
given by
ζ′(r, t) = v0v
′ +
c2s0
ρ0
ρ′ (35)
The linear perturbation of continuity equation is given by
∂t(ρ
′) +
1
rH
∂r(rH(ρ
′v0 + ρ0v
′)) = 0 (36)
where H is a non zero constant number. The linear perturbation of momentum equation is given by
∂t(v
′) + ∂r(ζ
′) = 0 (37)
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Now proceeding in the same way discussed earlier one gets equation of massless scalar field in curved space
time background
∂µf
µν(r)∂νζ
′ = 0 (38)
where after taking inverse of fµν(r),fµν (r) can be taken as 2× 2 effective metric as
fµν = g
eff
µν (r) =
1
ρ0rH
[−(c2s0 − v20) − v0
−v0 1
]
(39)
For conical disk model H ∝ r. Just like the constant height disk model, linear perturbation in fluid does
not have any influence on disk height. Hence the procedure of getting massless Klein Gordon equation is
exactly same and the effective acoustic metric is exactly same as obtained in constant height disk model.
3. Acoustic gravity in curved space-time background
In the present work we consider the following metric for static space-time
ds2 = −gttdt2 + grrdr2 + gθθdθ2 + gφφdφ2 (40)
where the metric elements are functions of r and can also be functions of θ and φ. We assume a perfect fluid
with the energy-momentum tensor given by
T µν = (ǫ+ p)vµvν + pgµν (41)
with the velocity four-vector normalized as vµvµ = −1 and ǫ is the internal energy per unit volume of the
fluid. The fluid is assumed to be ideal and so obeys equation of state for ideal gas. Also it is assumed to
be under adiabatic condition i.e it obeys barotropic equation of state, i.e., p = kργ . The specific enthalpy of
the fluid is given by
h =
ǫ+ p
ρ
(42)
The speed of sound for adiabatic flow is given by
c2s =
∂p
∂ǫ
(43)
which can be also written as(Bilic (1999))
c2s =
ρ
h
∂h
∂ρ
(44)
In our calculation of acoustic geometry we make use of two basic equations. First one is the continuity
equation given by
∇µ(ρvµ) = 0 (45)
and the second one is the irrotationality condition as the fluid is assumed to be irrotational. The condition
is given by
∂µ(hvν)− ∂ν(hvµ) = 0 (46)
3.1. Spherically symmetric radial flow
In the first case in curved space-time background we derive the acoustic geometry for spherically sym-
metric flow. This implies that vθ = vφ = 0 and all the derivatives with respect to θ and φ vanish. Using
µ = t and ν = r in the irrotationality condition equation given by equation (46) gives
∂t(hvr)− ∂r(hvt) = 0 (47)
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In stationary case where ∂t term vanishes the above equation implies ∂r(hvt) = 0. So for stationary flow
ζ = hvt is a constant of the flow. This is called the specific energy for adiabatic flow or the Bernoulli’s
constant. The continuity equation given by equation (45) becomes
1√−g∂t(
√−gρvt) + 1√−g∂r(
√−gρv) = 0 (48)
where v = vr is the radial velocity. Using the normalization condition of the four-velocity given vµvµ = −1,
vt can be expressed as
vt =
√
1 + grrv2
gtt
(49)
Now we linearly perturb the radial velocity, density and the Bernoulli’s constant about their stationary
values.
v(r, t) = v0(r) + v
′(r, t) (50)
ρ(r, t) = ρ0(r) + ρ
′(r, t) (51)
and
ζ(r, t) = ζ0 + ζ
′(r, t) (52)
Using these quantities we do linear perturbation of the continuity equation and the irrotaionality condition
equation given by equation (48) and equation (47) respectively.
Linear perturbation of the irrotationality condition equation gives the following equation
∂rζ
′ = grrh0∂tv
′ +
grrh0v0c
2
s0
ρ0
∂tρ
′ (53)
where h0 is the stationary or background value of the enthalpy h and c
2
s0 =
ρ0
h0
∂h
∂ρ
again perturbing ζ = hvt =
−gtthvt gives the equation
ζ′ = −gtth0αv′ − gttv
t
0h0c
2
s0
ρ0
ρ′ (54)
where α = grrv0
gttv
t
0
and we have used the normalization condition of four-velocity to obtain (vt)′ = αv′. Taking
time derivative of the above equation gives
∂tζ
′ = −gtth0α∂tv′ − gttv
t
0h0c
2
s0
ρ0
∂tρ
′ (55)
Using equation (53) and equation (55) we are able to write ∂tv
′ and ∂tρ′ in terms of ζ′ only. Thus we have
∂tv
′ =
−1
∆
[
grrh0v0c
2
s0
ρ0
∂tζ
′ +
gttv
t
0h0c
2
s0
ρ0
∂rζ
′] (56)
∂tρ
′ =
1
∆
[grrh0∂tζ
′ + gtth0α∂rζ
′] (57)
where ∆ = − grrh20c2s0
ρ0v
t
0
Linear perturbation of the continuity equation gives
ρ0α∂tv
′ + vt0∂tρ+
1√−g∂r(
√−gρ0v′ +
√−gv0ρ′) = 0 (58)
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taking the time derivative of the above equation gives
∂t(
√−gρ0α∂tv′) + ∂t(
√−gvt0∂tρ) + ∂r(
√−gρ0∂tv′) + ∂r(
√−gv0∂tρ′) = 0 (59)
Substituting ∂tv
′ and ∂tρ′ in the above equation using equation (56) and equation (57) gives
∂t[
√−ggrrh0
∆vt0
{gtt(v
t
0)
2(1− c2s0) + c2s0
gtt
}∂tζ′] + ∂t[
√−gh0grrv0
∆
{1− c2s0}∂rζ′]
+∂r[
√−gh0grrv0
∆
{1− c2s0}∂tζ′] + ∂r[
√−ggrrh0
∆vt0
{v
2
0grr(1− c2s0)− c2s0
grr
}∂rζ′] = 0
(60)
The above equation is of the form ∂µ(f
µν∂νζ
′) = 0 with fµν given by after multiplying by -1
fµν =
√−gρ0
h0


−gtt + (vt0)2(1 − 1c2s0 ) v0v
t
0(1− 1c2s0 )
v0v
t
0(1− 1c2s0 ) g
rr + v20(1− 1c2s0 )

 (61)
3.2. Axially symmetric disk flow
Three low angular momentum disk models (as discussed in previous sections) are considered for adiabatic
flow. The normalization condition is given by
vµv
µ = −1 (62)
The spherically symmetric diagonal metric of equation (40) is considered. We consider the dynamics only
on the equatorial plane (θ = pi2 ) plane of the disk. The accretion flow is irrotational, i.e., it obeys equation
(46). The infalling fluid has a small azimuthal component of velocity, vφ. From equation (62)
(vt)2 =
1 + grr(r)v
2 + gφφ(r)(v
φ)2
gtt(r)
(63)
Similarly, equation (47) gives Bernoulli’s constant. Using equation equation (46) and axial symmetry of the
flow
∂t(hvφ) = 0
∂r(hvφ) = 0
⇒ hvφ = constant = ℓ (64)
hvφ is called specific angular momentum and it is a constant number for non-stationary flow as well
due to irrotationality and azimuthal symmetry. We assume that there is a stationary solution of the
accretion(v0(r), ρ0(r), v
φ
0 (r), ζ0) and linear perturbation is introduced.
v(r, t) = v0(r) + v
′(r, t) (65)
ρ(r, t) = ρ0(r) + ρ
′(r, t) (66)
vφ(r, t) = vφ0 (r) + v
′
φ(r, t) (67)
and
ζ(r, t) = ζ0 + ζ
′(r, t) (68)
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The symbols carries usual meaning as before. The addition of linear perturbations do not make the accretion
flow to violate irrotationlity, azimuthal symmetry (obvious from the above expressions). The accretion flow
is still inviscid and adiabatic. From equation (64), linear perturbation term, ℓ′ is given by
ℓ′ = 0 (69)
Using equation (44) and equation (69) we get
v′φ = −
v
φ
0 c
2
s0
ρ0
ρ′ (70)
Using equation (63) and equation (70) we get
(vt)′ = α1(r)v
′ + α2(r)ρ
′ (71)
where
α1(r) =
grrv0
gttv
t
0
α2(r) = −gφφ(v
φ
0 )
2c2s0
gttv
t
0ρ0
Irrotaionality condition gives
∂rζ
′ = f1(r)∂tρ
′ − f2(r)∂tv′ (72)
where
f1(r) =
grrv0h0c
2
s0
ρ0
f2(r) = −grrh0
Using equation (71) and expression of ζ(= −hgttvt)
∂tζ
′ = −f3(r)∂tρ′ + f4(r)∂tv′ (73)
where
f3(r) =
gttv
t
0h0c
2
s0
ρ0
+ gtth0α2
f4(r) = −gtth0α1
From equation (72) and (73) we get
∂tρ
′ = g4(r)∂rζ
′ + g2(r)∂tζ
′ (74)
∂tv
′ = g3(r)∂rζ
′ + g1(r)∂tζ
′ (75)
where
gi =
fi
∆
where i ∈ N and i = 1 to 4 where N is the set of natural numbers.
and ∆ = f1f4 − f2f3 = grrh
2
0c
2
s0
ρ0v
t
0
Until and unless we don’t have the expression of disk height, we can not use the continuity equation. In the
next section several sub-Keplarian (discussed before) disk models are considered.
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3.2.1. Vertical equilibrium disk model
The expression of H(r)1 satisfying vertical equilibrium condition is given by(Abramowicz et al. (1997);
Bollimpalli et al. (2017))
H(r)2v2φF (r) =
p
ρ
The linear perturbation of H is H ′ and stationry solution of H is H0(r). Using barotropic equation and
equation (70)
∂tH
′
H0
=
β
ρ0
∂tρ
′ (76)
where β = c2s0 +
γ−1
2 .
Continuity equation is given by
1√−g∂t(
√−gρvtH) + 1√−g∂r(
√−gρvH) = 0 (77)
Introducing linear perturbation in the fluid and using equation (71) and (76), one gets after partially differ-
entiating equation (77),
(∂tF1∂t)ρ
′ + (∂tF2∂t)v
′ + (∂rF3∂t)ρ
′ + (∂rF4∂t)v
′ = 0 (78)
where each Fi (i ∈ N, i = 1 to 4) is function of r, the expressions are given below
F1(r) =
√−g(H0vt0(1 + β) + α2ρ0H0)
F2(r) =
√−gρ0H0α1
F3(r) =
√−gH0v0(1 + β)
F4(r) =
√−gρ0H0
Using equation (74), (75) and (78) we get
∂µ(f
µν(r)∂ν)ζ
′ = 0 (79)
where µ, ν indices run over t and r. 2×2 matrix, fµν is given by
fµν =
√−gHρ0
h0


−gtt + (vt0)2(1− 1+βc2s0 ) v0v
t
0(1− 1+βc2s0 )
v0v
t
0(1 − 1+βc2s0 ) g
rr + v20(1− 1+βc2s0 )

 (80)
3.2.2. Constant height disk model
For constant height disk model H ∝ 1
r
. H does not change when linear perturbations are introduced in
the fluid velocity and density. Now using continuity equation (77) and introducing linear perturbations, one
gets after partially differentiating with t
(∂tF1∂t)ρ
′ + (∂tF2∂t)v
′ + (∂rF3∂t)ρ
′ + (∂rF4∂t)v
′ = 0 (81)
where each Fi (i ∈ N, i = 1 to 4) is function of r, the expressions are given below
F1(r) =
√−g(Hvt0 + α2ρ0H)
F2(r) =
√−gρ0Hα1
F3(r) =
√−gHv0
F4(r) =
√−gρ0H
1H(r) is not the flow thickness of the disk, this is a dimensionless quantity which appears in continuity equation after
averaging in θ direction.
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Using equation (74), (75) and (81) we get
∂µ(f
µν(r)∂ν)ζ
′ = 0 (82)
where µ, ν indices run over t and r. 2×2 matrix, fµν is given by
fµν =
√−gHρ0
h0


−gtt + (vt0)2(1− 1c2s0 ) v0v
t
0(1− 1c2s0 )
v0v
t
0(1 − 1c2s0 ) g
rr + v20(1 − 1c2s0 )

 (83)
3.2.3. Conical disk model
For conical disk model, H is a constant number. H does not change when linear perturbations are
introduced in the fluid velocity and density because H does not depend on those quantities. Now using
continuity equation (77) and introducing linear perturbations, one gets after partially differentiating with t
(∂tF1∂t)ρ
′ + (∂tF2∂t)v
′ + (∂rF3∂t)ρ
′ + (∂rF4∂t)v
′ = 0 (84)
where each Fi (i ∈ N, i = 1 to 4) is function of r, the expressions are given below
F1(r) =
√−g(Hvt0 + α2ρ0H)
F2(r) =
√−gρ0Hα1
F3(r) =
√−gHv0
F4(r) =
√−gρ0H
Using equation (74), (75) and (84) we get
∂µ(f
µν(r)∂ν)ζ
′ = 0 (85)
where µ, ν indices run over t and r. 2×2 matrix, fµν is given by
fµν =
√−gHρ0
h0


−gtt + (vt0)2(1− 1c2s0 ) v0v
t
0(1− 1c2s0 )
v0v
t
0(1 − 1c2s0 ) g
rr + v20(1 − 1c2s0 )

 (86)
One trivial observation is that for constant height disk model and conical disk model as the disk height is
not disturbed due to linear perturbations in the fluid, hence putting β to be zero in the matrix (80) one can
obtain fµν for these models.
4. Astrophysical significance
The linear perturbation of Bernoulli’s constant satisfies a wave equation in the case of accretion onto a
black hole or a massive body. The generic equation is
∂µ(f
µν(X)∂ν)ζ
′ = 0 (87)
where ζ′ = ζ′(X, t) and X is spherical polar radial coordinate for spherically symmetric accretion or cylindri-
cal polar radial coordinate for axisymmetric accretion. The above equation is true for both general relativistic
framework as well as for Newtonian-gravity framework. The original fluid equations, i.e., continuity equation,
Euler equation, are time dependent partial differential equations. Here our approach is perturbative, i.e.,
there is a existing steady state solution for astrophysical accretion problem and over that we are introducing
linear perturbation of the fluid quantities. Now the solution of ζ′ of the equations could tell us whether the
steady state solutions are stable under small perturbations or not. As the linear perturbation of density,
velocity are all related to ζ′, hence if we could find certain conditions under which ζ′ grows in time then
the other related quantities would grow in time, the perturbation could not be small at all time, the steady
solution of the quantities would not be stable in that case and in that case a full numerical approach where
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partial time derivatives in the fluid equations are taken care of would give a more accurate result in stead of
steady state solution.
To find ζ′, we use the same approach done by Jacobus A. Petterson et al (Jacobus A. Petterson and Ostriker
(1980)). We take the form of the wave to be as
ζ′(X, t) = Pω(X)e
iωt (88)
Hence from equation (87), we find
ω2Pω(X)f
tt + iω[∂X
(
Pω(X)f
Xt
)
+ f tX∂XPω(X)]− [∂X
(
fXX∂XPω(X)
)
] = 0. (89)
4.1. Standing wave analysis
Standing wave means that there will be nodes and antinodes. There will exist a standing wave across X
direction if and only if there are at least two different Xs in space, called nodes, where the amplitude of the
ζ′(X, t) is zero for all time where unlike θ, φ; X is a noncompact dimension. Therefore, there exist at least
two radii X1, X2; X1 6= X2 such that Pω(X1) = Pω(X2) = 0. Hence ζ′ is zero at these two points for all
time. Standing wave is produced when two waves moving in opposite direction superpose with each other
in space. When a wave moving along a particular direction face an obstacle another wave moving along the
opposite direction is produced due to the reflection from that obstacle and in time superposition of these
two waves produce standing wave confined between two points or radii in space. The outer radius, say X2
may be a very large radius, for example the boundary of the accreting cloud surrounding the star. In case
of accretion on to a black hole, there is no solid surface to produce a standing wave by reflection, i.e., in
the supersonic region of flow, nowhere ζ′ is zero, i.e., there is no inner radius to confine the wave between
two radii which is required to produce a standing wave. In the case of accretion on to a compact object
like neutron star, on the surface of the star, the accreting fluid collides, hence the fluid quantities undergo a
discontinuity, as a result of this, a shock wall is formed according to Rankine-Hugoniot relations around the
star where the pre shock supersonic inflow becomes post shock subsonic flow. As in our analysis we are not
considering any discontinuity in the fluid equations. We restrict this analysis for subsonic flows.
Integrating the equation (89) between X1 and X2 and imposing the condition of vanishing amplitude of
ζ′ at the two radii, we get
ω2 = −C
A
(90)
where
A =
X2∫
X1
(Pω)
2f ttdX
C =
X2∫
X1
(∂XPω)
2fXXdX
For linear perturbation of mass accretion rate, ω2 happens to be positive(Jacobus A. Petterson and Ostriker
(1980)Ananda et al. (2015)Bollimpalli et al. (2017)). As fµν for linear perturbation of Bernoulli’s constant
and fµν for the linear perturbation of mass accretion rate only differ by a conformal factor, hence the sign of
the conformal factor cancels out in the numerator and denominator. Hence the conclusion is same for both
the perturbations. Hence ζ′ is of oscillatory kind, it does not blow up with time.
We introduced linear perturbation in the fluid medium by introducing linear perturbation in density and
velocity of the medium. We see that linear perturbation, ζ′ is the linear combination of linear perturbation
of density and linear perturbation of radial fluid velocity, it has the following generic structure for all the
cases.
ζ′(X, t) = fζρ(X)ρ
′(X, t) + fζv(X)v
′(X, t) (91)
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where fζρ(X) and fζv(X) are the functions of the radial coordinate X .
Linear perturbation of mas accretion rate, λ′ also has the similar structure.
λ′(X, t) = fλρ(X)ρ
′(X, t) + fλv(X)v
′(X, t) (92)
In other words the above two equations can be expressed as a matrix equation(
ζ′
λ′
)
=
(
fζρ fζv
fλρ fλv
)(
ρ′
v′
)
= fˆ
(
ρ′
v′
)
(93)
The expressions of f ′ and ζ′ for all the cases show that det(fˆ) is nonzero in general for subsonic flows, i.e., fˆ
is a non-singular matrix. One easy way to see this is that fζρ(X) contains c
2
s0 but fζv(X), fλρ(X), fλv(X)
do not contain c2s0. For subsonic flow, the right hand side of the equation (91) and the right hand hand side
of the equation (92) do not differ just by a conformal factor and this implies non-singularity of the matrix
fˆ . Hence both ρ′ and v′ can be expressed as a linear combination of ζ′ and λ′. Now considering the physical
situation, X1, X2 are same for both ζ
′ and λ′. Hence at these two radii, not only ζ′ and λ′ vanish but
also ρ′ and v′ vanish. In the next section we have introduced some thermodynamic quantities like entropy,
temperature. Since ρ′ is zero at these two radii and the linear perturbations of the thermodynamic quantities
like enthalpy, entropy are proportional to ρ′, the linear perturbation of all thermodynamic quantities are
zero at these two radii. Similarly the linear perturbation of dynamical quantities like kinetic energy per unit
mass are zero at these two radii because linear perturbation of the dynamical quantities are proportional to
v′ 1.
As the standing wave analysis, valid for subsonic flows, show that both ζ′ and λ′ do not blow in time, the
linear perturbation of all the dynamical quantities and the thermodynamic quantities do not blow in time
too. Therefore, the steady state solution for subsonic flows are stable under standing wave perturbations.
The steady state solutions are governed by the integrals of motions, i.e., Bernoulli’s constant, mass
accretion rate and specific angular momentum (for axisymmetric disk accretion). For the disk accretion
models which we have considered, the linear perturbation of specific angular momentum happens to be zero
due to symmetry. The non-trivial linear perturbations are the perturbation of the accretion rate and the
perturbation of Bernoulli’s constant. For time dependent case in the linear perturbation method, the time
dependent solutions are also governed by the linear perturbation of these two integrals of motion.
4.2. Travelling wave analysis
We study high frequency travelling wave. We assume the wavelength of the wave to be smaller than the
relevant smallest length scale of the problem. W assume the travelling wave to be of the following form.
Pω(X) = exp
[
n=∞∑
n=−1
Kn(X)
ωn
]
(94)
Using equation (88) and equating the coefficients of ω and ω2, we get
K−1(X) = i
∫ X fXt ±√(fXt)2 − f ttfXX
fXX
dX (95)
K0(X) = −1
2
ln
(√
(fXt)2 − f ttfXX
)
(96)
From the expression, it is obvious that K−1(X) is a purely imaginary quantity. For consistency in the
solution, the following relation must hold.
ωK−1(X) >> K0(X) >> ... (97)
1there is an exception, in the case of axially symmetric disk accretion we have seen that v′
φ
∝ ρ′
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4.2.1. Nonrelativistic framework
In Newtonian-gravity framework, for all the geometries (spherically symmetric accretion and disk geome-
tries) discussed earlier, K−1(X) and K0(X) have the following general structure.
K−1(X) = i
∫ X 1
v0(X)±
√
σcs0(X)
dX (98)
and
K0(X) = constant +
1
2
ln (v0(X)cs0(X)) (99)
where σ = 2
γ+1 for vertical equilibrium disk accretion and σ = 1 for spherically symmetric accretion and
other disk geometries. The expressions are very similar to the case of linear perturbation of mas accretion
rate. At large radii, equation (97) is true due to the virtue of high frequency approximation. The expressions
of K−1(X) demonstrates that near the critical point, for the wave travelling upstream of motion,
∂K
−1(X)
∂X
is
very large near event horizon. The condition (97) is well satisfied there. The conclusions are same for both
the cases, i.e., the case of linear perturbation of mas accretion rate and the case of linear perturbation of
Bernoulli’s constant.
4.2.2. General relativistic framework
The expression of K0 and K−1 is given by
K0(X) = constant +
1
2
ln
(
v0cs0
√
gttgXX
vt0
Ω(X)
)
(100)
and
K−1(X) = i
∫ X
dX
(
v0v
t
0(1− σc2s0 )±
1√
gttgXXcs0
Ω(X)
)
gXX + v20(1− σc2s0 )
(101)
where
σ = 1 + β for vertical equilibrium disk model
σ = 1 for spherically symmetric radial accretion and other disk models
Ω(X) = 1 for spherically symmetric radial flow
Ω(X) =
√
σ + gφφ(v
φ
0 )
2(σ − c2s0) for disk accretion
∂K
−1(X)
∂X
is very large near the critical point as the denominator approaches zero there. Hence condition (97)
is well satisfied near sonic horizon. For very large X , K0(X), K−1(X) are close to non-relativistic values,
the criteria (97), is true at large X due to the virtue of high ω.
5. Concluding remarks
Linear perturbation of several quantities obey massless scalar field equation in acoustic space time back-
ground. Unruh(Unruh (1981)) first shown that linear perturbation of velocity potential obeys massless scalar
field equation in curved space time background. In these papers(Ananda et al. (2015); Bollimpalli et al.
(2017)) , it is explicitly shown that linear perturbation of mass accretion rate also gives acoustic metric. In
our paper, we’ve shown that Bernoulli’s constant also produces analogue gravity.
For non-general relativistic background flow of adiabatic fluid, the Bernoulli’s constant can be expressed as
an additive term of various energy contribution to the total energy of the system. If one is interested to learn
how the various sources of energy of the system, i.e., gravitational, mechanical, thermal and rotational, gets
perturbed individually, the perturbation scheme of the Bernoulli’s constant will be of great help to understand
such physics and related issues. For instance, one can directly connect the Bernoulli’s constant to some
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dynamical and thermodynamic energy quantities. One can define specific total energy(Clarke and Carswell
(2007)) as
E = (
1
2
u2 + ξ + Vext)
where ξ is specific internal energy. After a little manipulation, using equation (10), i.e., for non relativistic
case, one can find a set of equations relating some dynamical energy quantities and thermodynamic quantities
for adiabatic flow that
∂µ(f
µν(~x)∂ν)E
′(~x, t) +
γ − 1
γ
∂µ(f
µν(~x)∂ν)h
′ = 0
∂µ(f
µν(~x)∂ν)E
′(~x, t) + (γ − 1)∂µ(fµν(~x)∂ν)ξ′(~x, t) = 0
∂µ(f
µν(~x)∂ν)E
′(~x, t) + (γ − 1)(∂µ(fµν(~x)∂ν)F ′ + s0∂µ(fµν(~x)∂ν)T ′ = 0
∂µ(f
µν(~x)∂ν)E
′(~x, t) +
γ − 1
γ
∂µ(f
µν(~x)∂ν)G
′(~x, t) +
γ − 1
γ
s0∂µ(f
µν(~x)∂ν)T
′ = 0
where E′, h′, G′, F ′ and ξ′ are linear perturbation in E, specific enthalpy, specific Gibbs free energy, specific
Helmholtz’s free energy and specific internal energy. s0 is constant entropy value for adiabatic case, i.e.,
s0 = ln(
p0
ρ
γ
0
).
For isothermal case we find that
∂µ(f
µν(~x)∂ν)E
′(~x, t) + ∂µ(f
µν(~x)∂ν)G
′(~x, t) = 0
∂µ(f
µν(~x)∂ν)E
′(~x, t)− ∂µ(fµν(~x)∂ν)F ′(~x, t) = 0
For General Relativistic case and for adiabatic flow, ∵ h = g − Ts and ζ = hvt, defining α′ = (gvt)′ and
β′ = (Tvt)′
∂µ(f
µν(~r)∂ν)α
′(~r, t) + s0∂µ(f
µν(~r)∂ν)β
′(~r, t) = 0
Clearly not all energy quantities satisfy the differential equation satisfied by linear perturbation of Bernoulli’s
constant but if one can perturb only the thermodynamic quantities without perturbing the dynamical quan-
tities, then one can find again acoustic geometry and do analogue gravity on that.
We introduce here another important finding of related interest. Linear perturbation of any algebraic
function of ζ obeys massless scalar field equation in acoustic space time if the function and it’s first derivative
with respect to ζ exist at the background value, i.e., at ζ0. The wave equation satisfied by linear perturbation
of the function is exactly the same as the wave equation obeyed by linear perturbation of ζ. Same argument
holds for the linear perturbation of mass accretion rate as well. To prove this, let’s consider an algebraic
function of ζ, F (ζ). We have
∂µf
µν(~x)∂νζ
′ = 0 (102)
where ζ is perturbed linearly as
ζ(~x, t) = ζ0(~x) + ζ
′(~x, t)
⇒ F (ζ(~x, t)) = F (ζ0(~x) + ζ′(~x, t))
= F (ζ0 + ζ
′(~x, t))
= F (ζ0) +
(
dF
dζ
)
ζ0
ζ′(~x, t)
= F0 + F
′
ζ0,
(
dF
dζ
)
ζ0
are constant numbers because F (ζ) and it’s first derivative exist at ζ0 and ζ0 is a constant of
motion. Linear perturbation of F (ζ) is a constant multiple of ζ′. Hence linear perturbation of F (ζ) obeys
exactly same massless scalar field equation as obeyed by ζ′.
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This is another advantage of constants of motion, ζ and f , over the velocity potential ψ, is that one can
construct infinitely many quantities with any of constants of motion, ζ or f, whose linear perturbation obeys
massless scalar field equation in curved space time.
Similar argument holds for the case of mass accretion rate in 1+1 dimension as well. In this fashion
one can construct two disjoint sets of algebraic functions from two independent constants of motion ζ and
f respectively. At this point, we thus argue that the linear perturbation of any quantity of fluid motion if
obeys a massless scalar field equation, that equation will be same as wave equation satisfied by either of ζ′
or f ′.
In summary, one can also proceed with velocity potential in the analysis instead of Bernoulli’s constant. here
we have started by analysing the linear perturbation of Bernoulli’s constant instead of velocity potential. This
is a independent approach to the same problem of analogue gravity. There is so far no work, of course to the
best of our knowledge, analysing linear perturbation of velocity potential in the case of vertical equilibrium
disk model for both relativistic and non relativistic case; we find that for vertical equilibrium disk model
(not shown for brevity)
∂µf
µν(~x)∂νψ
′ = 0 (103)
where ψ′ is linear perturbation of velocity potential, ψ. One can use the relation ∂tψ′ = ζ′ to find
∂µf
µν(~x)∂νζ
′ = 0. (104)
This is clearly an alternative approach.
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